Spectral theory of commuting self-adjoint partial differential operators  by Pedersen, Steen
JOURNAL OF FUNCTIONAL ANALYSIS 73, 122-134 (1987) 
Spectral Theory of Commuting Self-Adjoint 
Partial Differential Operators 
STEEN PEDERSEN * 
Department of Mathematics, University of Iowa, 
Iowa Cify, Iowa 52242 
Communicated by the Editors 
Received August 30, 1985; revised June 4, 1986 
Let Q denote a connected and open subset of W. The existence of n commuting 
self-adjoint operators H,,..., H, on L2(Q) such that each H, is an extension of 
-3/8x, (acting on C?(a)) is shown to be equivalent to the existence of a measure 
p on Iw” such that f +f (the Fourier transform off) is unitary from L’(Q) onto 
L*(W, p). It is shown that the support of p can be chosen as a subgroup of Iw” iff 
H ,,..., H, can be chosen such that the unitary groups generated by H ,...., H, act 
multiplicatively on L’(Q). This happens ilT 0 (after correction by a null set) forms a 
system of representatives for the quotient of iw” by some subgroup, i.e., iff Q is 
essentially a fundamental domain. ( 1987 Acadermc Press. Inc. 
A. INTRODUCTION 
If Q is a connected open subset of R”, then the partial derivatives 
-id/ax, ,..., -id/ax, may be regarded as symmetric operators on L*(Q) 
with domain C:(Q). The following problem was raised by I. E. Segal in 
1958 and solved by Fuglede [F] for domains Q with finite volume. Which 
connected open sets Q admit commuting self-adjoint extensions 
H = (H, ,..., H,) of the operators -is/ax, ,..., -2/8x,,? Commutativity is in 
the sense of commuting spectral projections. We shall say that Sz has the 
integrability property if a family H exists as above. This H is then called an 
integral. Assume that Q has finite volume. With an added mild regularity 
condition (finite Poincart constant) on 0, Fuglede showed that every 
integral has pure point spectrum of uniform multiplicity one. The spectrum 
/i of H is a discrete subset of R”, and the exponentials, e;.(x) = exp(iLx), 
may be chosen as eigenfunctions. Conversely, Fuglede showed that, if Q is 
open, has finite volume, and an orthogonal basis { ej. 1 k E n } exists, then 52 
has the integrability property. (No extra technical condition is needed.) 
Fuglede also showed that the subsets L2 of R” which admit an integral H, 
whose spectrum A is a subgroup of R”, are precisely those which (after 
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correction by a null set) form a fundamental domain. Here the technical 
condition is in force, as above. More information about the finite volume 
case can be found in [Jl; 521. 
The purpose of this paper is to remove the technical condition, and, 
more importantly, the finite volume assumption. 
For domains of finite volume we recover the results obtained by Fuglede, 
but we need no extra technical assumption. In the case where D has infinite 
volume, we prove that the spectrum ,4 of an integral H has uniform mul- 
tiplicity, equal to one, and that the functions e). may be chosen as 
generalized eigenfunctions. (The e,‘s cannot be eigenfunctions because they 
do not belong to the space L2(Q).) We find a substitute for the condition 
that there exists a set A, such that {e, I i E A } is an orhtogonal basis for 
L2(Q). 
The right generalization is this: There exists a measure p on KY such that 
the Fourier transform, F,:f-+L is a unitary map of L’(Q) onto L*(R”, p). 
This condition coincides with the basis condition above when Q has finite 
volume (Corollary 1.11). More specifically: If there exists an integral H, 
then we find a spectral representation F, such that the support of ,D is the 
spectrum A of H, and 
for j = l,..., n; f in 9(Hj), and 1 in A. By definition of F,, this equation 
shows that the functions e, are generalized eigenfunctions for H 
corresponding to the eigenvalue A. Conversely, if there exists a unitary F,, 
then we can determine an integral H by requiring that the above eigen- 
function equation is satisfied. We also prove that Q admits an integral 
whose spectrum is a subgroup of R” iff Q (after correction by a null set) is 
a fundamental domain. 
Most of the results in this paper are proved for locally compact abelian 
groups. We have used this generality because the study of spectral sets (i.e., 
sets that admit a unitary F,) is interesting for abelian groups different from 
R”, e.g., the group of integers; cf. also [F]. The parts of the theory of 
locally compact abelian groups which we need is described in [L; Mac; 
Maul. 
For a recent treatment of (and references to) the theory of generalized 
eigenfunction, see [Ber]. For our purposes the ideas presented in [GS, 
Chap. 41 and [Mau, Chap. 21 are useful. 
B. NOTATION 
Let G be a locally compact group; we will use the additive notation for 
the group operations. This is due to the fact that we here consider 
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primarily abelian groups. Equip G with a left invariant Haar measure, dt. If 
R is a measurable subset of G, then LP(O) will denote the usual space of 
LP-functions on Q, for p = 1, 2, co, etc. The inner product in the Hilbert 
space L’(Q) is designated (f, g). If the measure of Q is known to be finite, 
then we assume that the Haar measure, dt, is normalized so that 52 has 
volume one. By C,(Q) we will denote the continuous functions on Q that 
vanish at infinity, C,(Q) is the subspace of functions with compact support 
in Q. If G is a Lie group, and D is open, then C,?(Q) will denote the 
subspace of C,.(Q) consisting of smooth functions. 
In addition to the inner product in L’(Q), the sesquilinear form (5 g) 
denotes jfg, whenever fg E L’(Q). More generally, if G = IJY, it may mean 
the value of a distribution g at a test function f E C,“(Q). 
Let G be a locally compact abelian group, Q a measurable subset of G 
and let 1 be an element of the dual group G of G. The restriction of the 
map (t E G -+ (t, A)) to Q will be denoted ej.. Note that here (t, A) denotes 
the evaluation of 1 at the point t, but if G is identified with the dual group 
of the group G, then it denotes the value of the function t at the point 1. Iff 
is in L’(Q) n L*(Q), then f will denote the function on G, determined by 
f((y) = (f, e,), i.e., fis the Fourier transform off, whenf is considered as an 
element in L’(G) n L2(G), by extension to the zero function outside Q. 
Further f denotes complex conjugation, f(x) = f (x). Recall that ([w”, + ) is 
self dual. We use the duality (x, y) = exp(ixy) for x, y in iw”. 
If U is a unitary representation of G, then sp U will denote the 
Arveson [A] spectrum of U. (It is known that sp U coincides with the 
support of the spectral measure on G that corresponds to U.) 
1. DEFINITIONS AND PROPOSITIONS 
In this section we describe the notions “integrability property” and 
“spectral set” for subsets of a locally compact abelian group. To each spec- 
tral set there corresponds a certain family of unitary representations. We 
use one (any one) of these representations to prove that our finite volume 
spectral sets coincide with the ones used in [F, 523. 
DEFINITION 1.1. Let 52 be an open subset of a locally compact group G. 
We will say that Q has the integrability property if there exists a strongly 
continuous unitary representation U of G on L2(Q) which satisfies the 
following condition: For every x in Q, there exists an open subset V in 
Q x G, containing (x, 0), such that x + t is in Q, and 
for all (y, t) in V, and all fin L2(8). 
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The following proposition, essentially due to Jorgensen [J2], clarifies the 
relation between our integrability condition and those considered by 
Fuglede [F], and Jorgensen [Jl, 521. 
PROPOSITION 1.2. Let Q be an open subset of G. 
(a) If G is a Lie group, then Q has the integrability property iff there 
exists a strongly continuous unitary representation U of G on L’(Q) satisfy- 
ing 
irp(t+expsX) = Ji U(exp sX) cp 
s=o ds 
(t) 
s=O 
for cp in C,?(Q) and t in 52, and X belongs to the Lie algebra of G. 
(b) If G = KY’, then Q has the integrability property, iff there exists 
commuting (in the sense of commuting spectral measures) self-adjoint 
operators H,,..., H, in L’(Q) such that each Hi equals the partial derivative 
-i+3.x, in C,?(Q). (In particular, CT(Q) is assumed to be a subset of the 
domain 9(Hj) of H,.) 
Proof Part (a) follows from [J2], and (b) is an easy consequence of 
(a) and Stone’s theorem. 
DEFINITION 1.3. Let Q be a measurable subset of a locally compact 
abelian group G and let p be a regular positive Bore1 measure on 6. We 
will say that (52, cl) is a spectral pair, if (1) for each f E L’(Q) A L*(Q) the 
continuous function 2 -f(A) = (f, ej.) satisfies j If/’ dp < co, and (2) the 
map f -p of L’(Q) n L’(Q) c L*(Q) into L’(p) is isometric and has dense 
range. 
This map, then, extends by continuity to an isometric isomorphism 
F: L*(Q) --) L*(p). 
In the rest of this paper, we will write p for Ff (when f E L*(Q)) and 
1* -+ (A eA) is understood as a representative of Ff modulo functions on G 
vanishing p-almost everywhere. 
One can think of F as a “restriction” of the Fourier transform (on G) 
and in fact, the usual INVERSION FORMULAS hold. If cp is in the inter- 
section of L’(p) and L*(p), then 
Proof: Denote the integral by G(x). If f is in L’(Q) A L*(Q), then 
(A cpln = (f, $), by Fubini’s theorem. 
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Remark 1.4. Let (52, p) be a spectral pair. Then (Sz, p,) is a spectral 
pair when py is determined by p,,(y + E) = p(E) for all Bore1 sets E, and y 
arbitrary, but fixed in G. This construction does not, in general, exhaust the 
set of exponents for a spectral set Q. 
EXAMPLE 1.5. Let G = IR, and let Q be the union of the intervals (0, 27~) 
and (47c, 6~). Then (Q, p) (resp. (Q, v)) is a spectral pair if p (resp., v) is the 
counting measure on (0, l/4} + Z (resp., (0, 3/4} + Z). It is inessential that 
D is not connected. In fact, it is possible to construct a similar example in 
R3, with Sz connected; cf. [F]. 
The example above is a special case of a general principle, which the 
author plans to describe elsewhere. 
LEMMA 1.6. Let (Sz, p) be a spectral pair. Then p(K) is finite for every 
compact subset K of A = supp p, i.e., p is a Radon measure. 
Proof. Let C= {PI f E L2(Q) A L’(Q)}; then C’G C,(A), and C is dense 
in L2(p). Let N = {A E A 1 cp(i) = 0, cp E C}. By density of C in L’(p), N is a 
p-null set. C is translation invariant, since L’(Q) n L2(Q) is invariant under 
multiplication by a character. Therefore N is either empty or all of A. Since 
N is a ~-null set, N is empty, i.e., to each 1 in A there corresponds a 
function (pl in C such that [q,(y)1 2 1 for all y in a neighborhood G(A) of A. 
If K is a compact subset of A, then it may be covered by a finite number of 
sets of the form O(A), hence the characteristic function on K is in L’(p). 
PROPOSJTJON 1.7. Let Q, fi be spectral subsets of a Iocally compact 
abelian group G, and assume that p is an exponent,for both 52 and 8. If 12 is 
a subset of a, then fi\sZ is a null set. 
ProoJ Let A = supp p. Consider L’(Q) as the subspace of functions in 
L2(6), which are zero on fi\Q. Denote the inner product in L*(6) by 
(f, .!?I”. 
We show that every function in L2(a) is uniquely determined by its 
restriction to Q. Let a E L2(p) and let 
where e,, Z, is the restriction of ;1 E G to 52,6, respectively. Then f e L2(Q) 
and gg L’(a). Furthermore, f is the restriction of g to 0; because, if 
cp E L2(Q), then 
(f, cp)=k cp)-. 
From this observation the proof is easily completed. 
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Conjecture 1.8. Let s2, d be spectral subsets of a locally compact 
abelian group G, with exponents p, ji, respectively. If Q is a subset of d, 
and supp p = supp fi, then p = b, and fi\Q is a null set. 
Let (52, p) be a spectral pair. By assumption, F: f-f is an isometric 
isomorphism of L*(Q) onto L*(p). We may therefore define a strongly 
continuous unitary representation U of G on L*(Q) by 
V’(U(t)fl)@) = (2, n)(Ff)(J-) 
where f~ L*(Q), t E G, and ;1 E /i = supp p. Note that U may be rewritten in 
the form 
It follows that e, is a generalized eigenfunction for U, corresponding to the 
eigenvalue 1. 
DEFINITION 1.9. With the above notation, we say that U is the unitary 
representation associated to (52, p). 
PROPOSITION 1.10. If U is the unitary representation associated to a 
spectral pair (Q, p), then sp U= supp p. 
ProoJ: By the SNAG theorem [Mac], there exists a unique spectral 
measure E( .; U) on G such that 
U(t) = j” (t, A) dE(A; U) 
d 
for all t in G. But ifL g are in L*(Q), then 
(u(t)f, g) = I- (t, nN.L eA)(eAy g) 44l). 
G 
Hence, d(E(1; U)J g) = (f, el)(el, g) dp(lz). The proposition now follows 
from the fact that sp U is known to be the support of the spectral measure 
E(.; U). 
COROLLARY 1.11. Let Q be a measurable subset of a locally compact 
abelian group G, and let p be a measure on e. If D has finite volume, then 
(SZ,~)isaspectralpair,iSf~({~})=1foraN~~A=supp~,and{e,~1~A} 
is an orthonormal basis for L*(Q). 
Proof: For 1, y in A, and t in G, we have 
(t, J)(e,, ei.)= (u(t) eyp ei) = (1, y)(e,, ed. 
580;73/1-9 
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Hence, (e,, en) =O, for y # 1, and the identity ej. = e,p( {A}) implies 
p( {A} )= 1. The other implication is trivial. 
Note that Corollary 1.11 implies that our definition of a spectral set is a 
generalization of the one considered by Fuglede [F] and Jorgensen [J2]. 
2. THE GENERAL CASE 
We now prove that a connected open subset of R” is a spectral set iff it 
has the integrability property. This generalizes Theorem 1 of [F], even for 
sets of finite volume, and is our main result. 
Let Q be an open connected subset of R” and assume that the volume of 
Q is finite. Fuglede [F] showed that 52 has the integrability property if it is 
a spectral set. Conversely, he proved that if Q also satisfies a mild 
regularity condition (is a Nikodym domain) and has the integrability 
property, then it is a spectral set. The purpose of this section is to remove 
both the regularity and the volume restriction. 
PROPOSITION 2.1. Let 52 be an open subset of a locally compact abelian 
group. Zf Sz is a spectral set, then Q has the integrability property. 
Proof: Choose a measure ,U on G such that (Q, p) is a spectral pair, and 
let U be the representation associated with (52, p). Fix x in Q, and choose 
open neighborhoods A, B of x, 0, respectively, such that -B = B and 
y+tEQforallyEA, tEB.Then,forcpEC,.(A)and tEB,weget 
= s (f, e2)(ej., cP( . - t)) 44~) = CLd *-t)). 
Hence, (U(t) f)(y) = f ( y + t) for ( y, t) E A x B, i.e., Q has the integrability 
property. 
THEOREM 2.2. Let G = R” and let Q be an open and connected subset of 
G. Then 52 has the integrability property iff 52 is a spectral set. 
Proof Let HI,..., H, be as in Proposition 1.2. The plan of the proof is 
as follows: First we use generalized eigenfunctions to deduce that the joint 
spectrum of (H, ,..., H,) has uniform multiplicity equal to one. Second, we 
construct an exponent for Q. We first need the following version of the 
spectral theorem. 
THEOREM 2.3 [vN]. Let HI,..., H, be commuting (in the sense of com- 
muting spectral measures) self-adjoint operators on a separable Hilbert space 
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S. There exists then a measure IS on OX”, and a measurable field of Hilbert 
spaces X(l), such that, if 
then there exists a mapping F of 2 onto 3? such that 
F(Hjf )(A1 = J-j(E’f )(A) (1) 
for 1 E A = supp O, and f in the domain 9( H,) of Hi (A = (A, ,..., A,)), and F is 
an isometric isomorphism. 
Recall that the multiplicity function n(A) of the joint spectrum is given by 
n(A) = dim X(J). Our first goal is to prove that n(A) = 1 for o-almost every 
i in n = supp (T = sp( H, ,..., H,). By [vN], there exists a sequence { yk} of 
measurable vector fields such that 
1 Ye I k < 41) + 1 I 
is an orthonormal basis for %?(A), and y,(1) = 0, if k > n(1). Let 
@If L(J) = (Ff(~), Y,A~)) (2) 
for f in &’ and k = l,..., n(A). By [Mau, Theorem 5, p. 831, cp + (Fq)(I) 
is continuous as a map from C,“(Q) into Z’(n). Hence, there exist (for 
g-almost all A E W) distributions ek(A) such that 
V’vL(~) = (cp, edA)) (3) 
for cp in C:(Q), and k= l,..., n(1). It is then easy to see that (l), (2), and 
(3) imply the identity -iae,(A)/ax, = Aje,(l), forj= l,..., n. This is a system 
of differential equations, and the solution is given by 
ek(n) = Ckel 
for k = l,..., n(n), where the ck are complex scalars (depending on 1). Let 
Ak= {4n@)>k}; we shall prove that A2 is a a-null set. Assume a(/i,) # 0, 
then yk # 0 for k = 1, 2. Further 
for cp E CT(Q) by (2) and (3), since e,(n) = ckei.. Hence ck #O for k = 1,2, 
and 
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so that c,y, = c1 y, by density of C?(Q) in %. But the last identity 
contradicts the fact that yi(n) is orthogonal to ~~(2) on A,. Hence A2 is a 
o-null set; this means that n(n) = 1 for a-almost every A, as desired. This 
completes the first part of the proof. 
Since ei(i) = ciei., and n(n)= 1, it follows from (3) that if cp E C,“(Q), 
then 
(b)(l) = (cp, cAeJ = cj.@(J-) 
for e-a.e. ;1 in R”, and therefore the mapping, 2 + c;., is a-measurable and 
is the sought for positive regular Bore1 measure. 
Remark 2.4. In general, the mapping, 2 + c~, is unbounded since 
a(R”) = 11 gl/ 2 is finite. A result similar to this remark may be found 
in [Ben]. 
3. THE MULTIPLICATIVE CASE 
We prove that a subset of IR” admits a multiplicative integral iff it is a 
fundamental domain. In this case, the integral may be determined by 
periodic boundary conditions. 
THEOREM 3.1. Let .Q be a measurable subset of a locally compact abelian 
group G, and let p be a measure on (I?. Assume that (9, p) is a spectral pair, 
and let U be the unitary representation of G on L2(0) associated to (Q, ,u). 
Then supp p is a subgroup of e iff U acts multiplicatively, i.e., iff whenever 
f, g E L’(Q) satisfy fg E L’(Q), then U(t)(fg) = (U(t) f)( U(t) g) for all t in 
G. 
Proof. Assume first that A = supp p is a subgroup of G. Let 
f, g E L2(Q), and fix t E G. Then 
((u(t)fl(u(t)g), ej.)= (u(t)f, (u(t) g) ej.) 
= I n (u(t).L e,Ne,, (u(t) g) ed dAy) 
= s (t, r)(f, e,)(u(t) g, eA-,) 44) n 
= 5 (t, A)(f, e,)(g, ei.-,) My) n 
= (4 n)(fg, e2.)= (U(tNfg), ej.1 
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where the fourth equality depends on having I- y E ,4, and the last on the 
assumption fg E L’(O). 
For the converse implication, we use that sp U = supp p = n is the set of 
y in G satisfying the following: 
There exists a net (cp,) of unit vectors in L2(Q) such that 
(*) 
uniformly for t in compact subsets of G. 
Choose a y in sp U and a net (cp,) such that (*) is satisfied. 
Step 1. We prove that U(t) f= U(t) j: for f e L2(i2), t E G. For cp in 
L2(Q) n L”(Q), let L(q) denote the bounded operator on L2(Q) defined 
by L(cp) f = qjI The multiplicativity of U implies U(t) L(q) U(t)* = 
L( U(t) cp). Since L(q)* = L(Cp), a short computation leads to the desired 
conclusion. 
Step 2. We prove that -y E sp U, i.e., -sp Us sp U. 
By step 1, 
II U(t) cp, - (4 -Y) cp,ll = II U(f) (Pz - (6 Y) (P,ll. 
An application of (*) then shows that -y is in sp U. 
Step 3. We prove that U(t)(fe,) = (t, 1) e, U(t) f, for L E sp U, and 
f E L+l). 
By step 1, U(t) cp E L2(C2) n L”(Q) for all cp in L’(Q) n L”(Q). By the 
multiplicative property of U, step 2, the definition of U, and step 1, we get 
(t, A)(ej.U(t)f, cp) = (4 ~)(u(t)(fv( -t) Cp), e-d 
= W4 -2) 4% e-J = (U(t)(feA cp) 
for all cp in C,.(Q). 
Step 4. We prove that ,I + y E sp U, for all I E sp U. 
By step 3, we have 
IIW)(wJ-0, ~+Y)e2V,II = IIU(t)cP,-(h 7) cp,lI. 
Using (*) we conclude that 2 + v E sp U. 
COROLLARY 3.2. The conditions in Theorem 3.1 (that U acts mul- 
tiplicatively) is equivalent o each of the following conditions: 
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(a) For f, g in L2(Q) n L”(Q) we have 
U(t)(fg) = (u(t)ncuct, g) for all t in G, 
(b) For f in L2(Q), 1 in A and t in G we have 
U(t)(fe-2) = (6 -A) epn U(t)f: 
Proof: We will show that the conditions of the corollary imply that 
sp U is a subgroup. Let cp, 1+9 be in L2(0) n L”(Q). Then the multiplicative 
property of U implies that u(t)(&) = (u(t) cp)(u(t) Ic/). Hence 
llL( U(t) rp)ll d IIL(cp)II, and therefore, U(t) cp E L2(f2) n L”(Q). 
The functions cpz in (*) can be chosen in L2(Q)n L”(Q), hence (b) 
implies that A is a subgroup (as in step 4). By continuity (a) remains valid 
for fin L’(O). The proof of steps 1 through 3 shows that (a) implies (b). 
Special cases of the following proposition were proved by different 
methods in [F, 521. 
PROPOSITION 3.3. Let (52, p) be a spectral pair, A = supp p and 
K=AO= {tEGI(t,1)=1, LEA}. Then (Q+k)n(O+l) is a null-set if 
k,lEKandk#l. 
Proof: By translation invariance of the Haar-measure on G, it is 
enough to prove that Q n (Q + K) is a null-set for 0 #k E K. Let 
E(k) = {x E Sz I x + k E Q} and fix e E E(k). Choose open subsets 0, V’” of G 
such that the closure of 0 is compact, e E 0, e + k E Y, 0 n V = r;7, and 
0 + k c V. Let f be the characteristic function of the set 0 n Co, then f is in 
L’(Q), and if g(x) = f(x + k) for x in 52, then p = $. Hence f = g a.e. in 52, 
but 1 =f(x) =f(x + k) = 0 for a.e. x in E(k) n 0, i.e., E(k) n 0 is a null set. 
By inner regularity of the Haar measure, E(k) is a null set. This completes 
the proof. 
COROLLARY 3.4. K is a discrete, hence closed subgroup of G. 
DEFINITION 3.5. Let D be a measurable subset of a locally compact 
abelian group G. We will say that Q is a fundamental domain if there exists 
a measurable subset d of G and a closed subgroup K of G such that the 
symmetric difference, QAfi, is a null set and, to every t in G, there 
corresponds a unique pair (x, k) in d x K such that t = x + k. 
We have the following version of Theorem 2 in [F]. (Note that it 
generalizes the Theorem in [F] even in the case of a finite volume domain 
in KY.) 
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THEOREM 3.6. Let G be a separable locally compact abelian group, and 
let 52 be a measurable subset of G. Among the following three conditions, we 
have the implications: (2) o (3). If Sz is open, connected, and G = BY, then 
(1)~(3). 
(1) Q has the integrability property with respect to a multiplicative 
representation. 
(2) There exists a measure u on G such that (Q, u) is a spectral pair 
and supp u is a subgroup of e. 
(3 ) Q is a fundamental domain. 
Proof Let Q be an open, connected subset of R”. Then (1) o (2) 
follows from Theorems 2.2 and 3.1. 
(3) = (2). Choose d and K as in the definition of a fundamental domain, 
and let ~=J-?={AEG.I(~,,I)=~, ~EK}. Then /1 is a locally compact 
abelian group. Denote the Haar measure on /1 by p. For the purpose of the 
proof, we may identify s”z with the locally compact, abelian group G/K. 
Addition in d is defined by (x+ y} = (x + y + K) n d. With this iden- 
tification, n becomes the dual group of the group d, and the condition for 
(52, p) to be a spectral pair becomes a restatement of the condition that the 
Fourier transform of L*(d) onto L*(u) = L*(A) be an isometry. Since it is 
always possible to normalize p so that the Fourier transform is an 
isometry, we have completed the proof of the implication, (3) * (2). 
(2) =E- (3). Let n = supp /J, and K= /1’. Separability of G, and 
Corollary 3.4, imply that K is countable [GV], hence, by Proposition 3.3, 
the union u [an (52 + k) I k E K, k #O] is a null-set. We may therefore 
assume that 52 c d, where fi + K = G (direct sum). 
Let F be as in Definition 1.3: note that 
for f in L*(Q) and 1, v in /i. Let E be a p-measurable subset of /i and let xE 
be the indicator function corresponding to the set E. Take f in L*(Q) such 
that Ff = xE; then 
p(E)=&, ~~)=(Lf)=(e,f, eLpf)=(xEcv, x~+~)=P(E+v) 
and hence p is translation invariant, i.e., there exists a real number c such 
that p = C,U, where /i is the Haar measure on /1, normalized as in (3) =z. (2). 
Furthermore c = 1, since 
jlfl*C=j lfl*dx=j lfl*dii 
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for all fin L’(Q). By (3) * (2), and Proposition 1.7, A?\Q is a null-set. This 
completes the proof of the theorem. 
Remark 3.7. We have actually proved that, if G is a general locally 
compact abelian group, then (3) * (2) for any measurable subset Q; and, if 
Q is open, then (2) 3 (1). 
EXAMPLE 3.8. The set (0, 1) x III c R* has the integrability property 
with respect to a multiplicative representation, since it is a fundamental 
domain. 
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